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Homogenization methods were developed to relate microstructure and local deformation
mechanisms to overall behavior. The well-known self-consistent scheme was successfully
developed to describe mechanical interactions for elastic, elastoplastic and viscoplastic
behaviors. When complex space–time couplings and non-linearity are involved, new esti-
mations have to be established. This paper addresses to local behavior exhibiting elastic,
anelastic and inelastic strains. A new estimation of mechanical interactions is proposed. It
uses an incremental representation of the behavior and is based on translated ﬁelds tech-
niques and self-consistent approximation. First, the case of a purely anelastic (Kelvin–Voigt)
heterogeneous medium is treated. The solution of the anelastic heterogeneous problem is
then used to solve the complete problem where the local behavior is described through a
Burger element. Results obtained with the present modeling are compared with results
obtainedwith othermodels found in literature in the case of linear behavior. They show that
a good description of the time-dependent spatial interactions is obtained. Thanks to this
incremental approach, the present modeling can be easily used for non linear behavior.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Heterogeneous materials involve local mechanical interactions and internal stresses due to strain incompatibilities.
Micromechanics and homogenization schemes, based on the calculation of Eshelby’s inclusion, successfully coped with
the local interactions. In particular, the self-consistent scheme treats each heterogeneity as an inclusion embedded in a
homogeneous medium. The latter possesses the overall properties of the whole aggregate. The self-consistent procedure
has been well established in the case of materials with ‘‘simple” behaviors; in these cases, the effective properties have
the same structures as the local ones, such as linear thermoelasticity (Hershey, 1954; Kröner, 1958), viscoplasticity
(Hutchinson, 1976; Molinari et al., 1987) and elastoplasticity (Hill, 1965; Berveiller and Zaoui, 1979; Weng, 1980; Lipinski
and Berveiller, 1989). For materials with complex local constitutive law, the overall behavior does not have the same struc-
ture as the local one. This is the situation for elastic–viscoplastic heterogeneous materials where complex space–time
couplings, described by Suquet (1987) as the long-memory effect, exist because of the presence of time-dependent and
time-independent mechanisms. Generally speaking, the local behavior involves three types of strain: the elastic strain which
is recoverable and thermodynamically reversible, the anelastic strain which is recoverable but dissipative and the inelastic
strain which is unrecoverable and irreversible. The local behavior is currently represented by Maxwell, Kelvin–Voigt, Burger
or more complex elements combining springs and dashpots in different ways. The overall behavior of the representative
volume element (RVE) being determined by averaging the local ﬁelds, different approaches were proposed to represent. All rights reserved.
(V. Favier).
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McLaughlin, 1978; Masson and Zaoui, 1999; Brenner et al., 2002; Molinari et al., 1997; Paquin et al., 1999; Sabar et al.,
2002). Two main approaches may be distinguished. The ﬁrst one is based on the time integral formulation of the behavior
and uses the Laplace–Carson transformation to perform the self-consistent scheme (Laws and McLaughlin, 1978; Rougier
et al., 1994; Li and Weng, 1997; Masson and Zaoui, 1999; Brenner et al., 2002). On the contrary, the second approach is based
on the differential formulation of the behavior (Weng, 1981; Nemat-Nasser and Obata, 1986; Harren, 1991; Molinari et al.,
1997; Paquin et al., 1999; Sabar et al., 2002). In the model discussed here, we used the approach recently proposed by Sabar
et al. (2002) and Favier et al. (2003) and applied to polycrystals by Berbenni et al. (2004); this method provides a complete
mechanical formulation based on translated ﬁelds, projection operators and self-consistent approximation of integral
equations.
The main interest of the ﬁrst models comes from the coupled treatment of both elastic and viscous properties. The homo-
geneous medium possesses viscoelastic properties deﬁned in the Laplace–Carson space by a single viscoelastic modulus. As a
result, the classical self-consistent scheme (Hershey,1954; Kröner, 1958) is applied. That is why these models are considered
as references when linear behavior is addressed. Nevertheless, in most of the cases, the inverse transformation of the solu-
tion determined in the Laplace–Carson space requires very large CPU times especially for complex loading paths.
The second type models are much easier to use thanks to their incremental approach. However, the classical self-consis-
tent approximation cannot be applied because a single viscoelastic modulus cannot be deﬁned when the differential formu-
lation is used. The model proposed byWeng (1981) leads to an overestimation of the internal stresses as it is an adaptation of
Kröner’s model (Kröner, 1961). An alternative approximation based on translated ﬁelds was ﬁrst proposed by Paquin et al.
(1999) to solve the elastic–inelastic heterogeneous problem. It uses the speciﬁc properties of the projection operators asso-
ciated with the reference elastic and inelastic mediums. Another model using translated ﬁelds was introduced by Sabar et al.
(2002) but the symmetry between elasticity and inelasticity is not respected anymore. This model follows a similar process
to Kröner–Weng’s model considering a reference inelastic strain rate rather than a symmetric treatment of elasticity and
inelasticity. However, on the contrary to Kröner–Weng’s model, this reference inelastic strain rate ﬁeld is translated regard-
ing a non-necessarily uniform but compatible strain rate ﬁeld.
This work aims to build a model for materials with a local Kelvin–Voigt behavior using a similar approach to the one used
by Sabar et al. (2002) for a Maxwell element and to extend it to materials with a local Burger behavior. In the ﬁrst section, the
translated ﬁelds method is used to approach the solution of the heterogeneous viscoelastic (Kelvin–Voigt) problem. The sec-
ond and third sections are dedicated to the development of models for heterogeneous materials with a more complex local
constitutive law (such as a Burger element) using the strain rate concentration relation determined in the ﬁrst part. The new
model is ﬁnally validated using a comparison to a reference model based on the linearization of the constitutive law in the
Laplace–Carson space for a two-phase composite. Finally, a tensile test and a creeping–recovering test are simulated using
the new model.2. A model for heterogeneous materials with a Kelvin–Voigt local constitutive law
This part aims to build a model for heterogeneous anelastic materials. Following the work of Sabar et al. (2002), the ap-
proach consists in obtaining the integral equation of the heterogeneous problem. Integral equations, ﬁrst proposed by Kröner
(1967) and by Dederichs and Zeller (1973), show how the local strain rate depends on the macroscopic strain rate and the
interactions due to deformation heterogeneities. The idea of the translated ﬁeld techniques is to use the speciﬁc properties of
the projection operator appearing in the integral equation to introduce a well-chosen translated ﬁeld. The translated ﬁeld
enables to introduce ﬂuctuations in the integral equation and to apply the self-consistent scheme to simplify it.
2.1. Integral equation of the heterogeneous problem
A heterogeneous viscoelastic medium V, whose boundary conditions are well deﬁned, is considered. The local viscoelastic
behavior is usually modeled with a Kelvin–Voigt or a Maxwell element (in other words an association of a dashpot and a
spring in parallel or in series). In this work, the Kelvin–Voigt representation is chosen to account for the recoverable nature
of the anelastic deformation. The translated ﬁeld method, originally developed for a Maxwell element Sabar et al., 2002, is
now applied to the Kelvin–Voigt model. This part aims to determine, with the help of the ﬁeld equations and the local behav-
ior, the local strain rate and stress ﬁelds satisfying the ﬁeld equations. The macroscopic strain rate and stress ﬁelds ( _E and R)
are linked to the local strain rate and stress ﬁelds ( _e and r) by the scale transition theory equations:_E ¼ 1
V
Z
V
_edV ¼ _e; ð1Þ
R ¼ 1
V
Z
V
rdV ¼ r: ð2ÞAs illustrated on Fig. 1, the local anelastic behavior depends on the local elastic moduli tensor c0(r) (that is associated with the
local elastic compliance tensor s0(r) = c0(r)1) and on the local secant viscous moduli tensor b0(r) (that is associated with the
local viscous compliance tensorm0(r) = b0(r)1). Since a quasi-static equilibrium case is considered here, no volume forces are
Fig. 1. Representation of a Kelvin–Voigt element.
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problem are given by
 The constitutive law:
rðr; tÞ ¼ b0ðrÞ : _eðr; tÞ þ reðr; tÞ: ð3Þ The evolution law of the elastic stress:
reðr; tÞ ¼ c0ðrÞ : eðr; tÞ: ð4Þ The static equilibrium condition:
divr ¼ 0: ð5Þ The kinematical compatibility relations:
_e ¼ rs _u; ð6Þ
e ¼ rsu: ð7Þ The boundary conditions on oV linking E and _E to u and _u, the displacement and displacement rate ﬁelds:
_u ¼ _E:x; ð8Þ
u ¼ E:x: ð9Þ
In those equations, the unknown ﬁelds are r and _e. The elastic stress ﬁeld, re, is treated as an internal variable and is con-
sidered as the ‘‘memory” of the material. Unknown variables being identiﬁed, a viscous homogeneous reference medium is
introduced. The local secant viscoplastic modulus is expressed as the sum of an uniform reference modulus B0 (with
B0 =M01) and a ﬂuctuating part db0:b0ðrÞ ¼ B0 þ db0ðrÞ: ð10Þ
Thus, the constitutive law (3) is now written as follows:r ¼ B0 : _eþ db0 : _eþ re: ð11Þ
The modiﬁed Green operator for the viscous homogeneous reference medium, CB
0
, and its associated projection operator,PB
0
,
are introduced. CB
0
is obtained from the Green function of the reference viscous medium with the following relation:CB
0
ijkl ¼ 
1
2
ðGB0ik;jl þ GB
0
jk;ilÞ ð12Þand PB
0
is deﬁned by (Kunin, 1983)PB
0 ¼ CB0 : B0: ð13ÞCB
0
and PB
0
display the following properties for any compatible strain (or strain rate) ﬁeld and any balanced stress ﬁeld:PB
0  _e ¼ _e _E; ð14Þ
PB
0  ðM0 : rÞ ¼ CB0  r ¼ 0; ð15Þwhere * denotes the convolution operator. Applying the modiﬁed Green operator CB
0
to Eq. (11) and using the properties
deﬁned in Eq. (15) for the local stress ﬁeld r and deﬁned in (14) for the local strain rate ﬁeld _e lead to the following integral
equation (Kröner, 1967; Dederichs and Zeller, 1973):
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The above integral equation contains the entire heterogeneous anelastic problem: the local strain rate depends on the mac-
roscopic strain rate and the interactions between elastic and viscous heterogeneities. However, in most of the cases, an ana-
lytical solution of this equation is neither trivial nor required to determine the effective anelastic properties of the equivalent
medium. Since the elastic and viscous properties are independent, we choose B0 = B
0eff, where B
0eff is the self-consistent solu-
tion (Kröner, 1958) for a pure viscous inhomogeneous medium having the same microstructure as the studied aggregate, the
integral equation (16) becomes_e ¼ _E CB0eff 0  ðdb0eff : _eþ reÞ: ð17Þ
Choosing B0 = B
0eff does not allow to solve the complete problem because the spatial convolution that is still present is hard to
calculate. Enforcing the average quantity db0eff : _eþ re to be null to weaken long distance interactions leads to pure viscous
interactions as illustrated by Eqs. (18)–(20). Indeed, let us prescribedb0eff : _eþ re ¼ 0: ð18Þ
The above equation is equivalent tob0 : _eþ re ¼ B0eff : _e: ð19Þ
So R is writtenR ¼ b0 : _eþ re ¼ B0eff : _E: ð20Þ
Eq. (20) means that the macroscopic stress R results from pure viscous interactions and not from elastic interactions. To
avoid this error and to account for both elastic and viscous interactions in the modeling, following the approach proposed
by Sabar et al. (2002), we incorporate a reference part and a ﬂuctuating part in the elastic stress. This operation is detailed
in the following section.
2.2. Introduction of the translated ﬁeld
The PB
0eff operator displays a speciﬁc property for a stress ﬁeld that fulﬁlls equilibrium conditions being deﬁned in (15).
This property is now used to weaken long distance interactions related to CB
0eff  re. re is translated regarding a balanced but
not necessarily uniform stress ﬁeld se. So, re is rewrittenre ¼ se þ dre: ð21Þ
The required elastic stress ﬁeld, se, that veriﬁes the equilibrium condition is provided by the solution of the same heteroge-
neous problem but having purely elastic properties.
2.3. Solution of the purely elastic heterogeneous problem
In the case of pure elasticity, the constitutive law (3) becomesr ¼ re ¼ c0 : e: ð22Þ
Because of the boundary and equilibrium conditions and the kinematical compatibility, the application of the CC
0
operator
leads to the following integral equation (Kröner, 1967; Dederichs and Zeller, 1973):e ¼ E CC0  dc0 : e: ð23Þ
From the self-consistent approximation (Hershey, 1954; Kröner, 1958), the following strain concentration relation is estab-
lished by neglecting the non-local interaction term:e ¼ AC0eff : E; ð24Þ
where AC
0eff is the strain concentration tensor of the effective elastic medium. It is deﬁned as follows:AC
0eff ¼ ðI þ CC0effl : dc0effÞ1; ð25Þwith I, the fourth-order identity tensor, CC
0eff
l the local part of the modiﬁed Green operator and dc
0eff = c
0  C 0eff. The effective
elastic modulus is determined from the following averaging relations:C0eff ¼ c0 : AC0eff ;AC0eff ¼ I: ð26Þ
The stress concentration tensor of the effective elastic medium is deduced from Eq. (24)r ¼ BC0eff : R; B0Ceff ¼ c0 : AC0eff : S0eff : ð27Þ
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but an approximation coming from the elastic self-consistent scheme that enables to free from the spatial convolutionproduct.
2.4. Solution of the viscoelastic heterogeneous problem
The solution of the purely elastic heterogeneous problem is now used to provide the balanced elastic stress ﬁeld required
for the translation of re. The translated ﬁeld se is written as the concentration of an unknown stress tensor, X, that provides
the equilibrium of se:se ¼ BC0eff : X: ð28Þ
Thus, the expression (21) of the elastic stress becomesre ¼ BC0eff : X þ dre: ð29Þ
Since se is a balanced stress ﬁeld, the speciﬁc property of CB
0eff is used:CB
0eff  ðBC0eff : XÞ ¼ 0: ð30ÞUsing the property deﬁned in (30) and leading to CB
0eff  re ¼ CB0eff  dre, the integral equation (17) describing the complete
anelastic heterogeneous problem reduces to_e ¼ _E CB0eff  ðdb0eff : _eþ dreÞ: ð31Þ
Then, we apply the self-consistency condition to weaken long distance interactions of the spatial convolution. In other
words, X is chosen to vanish the average of ðdb0eff : _eþ dreÞ:db0eff : _eþ dre ¼ 0: ð32Þ
The above equation and the property BC
0eff ¼ I lead to the following expression of X which is found to be the effective elastic
stress ﬁeld Re
eff
:X ¼ R B0eff : _E ¼ Reeff : ð33Þ
As a consequence, the non-local part of (31) is neglected so (31) is reduced to the local effect of the heterogeneities_e ¼ _E CB0effl : ðdb0eff : _eþ re  BC
0eff : Re
eff Þ: ð34ÞIntroducing the strain concentration tensor of the effective viscous medium AB
0eff ¼ ðI þ CB0effl : db0eff Þ1 gives the ﬁnal strain
rate concentration equation_e ¼ AB0eff : _E AB0eff : CB0effl : ðre  BC
0eff : Re
eff Þ: ð35Þ
The condition _E ¼ _e leads to the following expression of Reeff :Re
eff ¼ ðAB0eff : BC0eff Þ1 : ðAB0eff : reÞ: ð36ÞTwo different asymptotic cases can be highlighted in the strain rate concentration equation:
 The short-time behavior that is purely viscous: re ¼ Reeff ¼ 0_e ¼ AB0eff : _E: ð37Þ
 The long-time behavior that is purely elastic: _e ¼ _E ¼ 0re ¼ BC0eff : Reeff : ð38Þ3. A model for anelastic–inelastic heterogeneous materials
The ﬁnal objective of this work is to use translated ﬁeld techniques to build a scale transition model for heterogeneous
materials with a local behavior that can be represented with a Burger model. However, to get this model, it is necessary to go
through an intermediate stage that consists in solving the heterogeneous anelastic–inelastic problem. This solution will be
used to provide the translated ﬁeld required to build a model for heterogeneous materials whose local constitutive law is
described with a Burger element.
3.1. Integral equation of the heterogeneous problem
Let V be an anelastic–inelastic heterogeneous medium where the local behavior is described by a dashpot and a
Kelvin–Voigt element in series (see Fig. 2). The inelastic part of the local deformation is characterized by its secant
Fig. 2. Representation of a dashpot and a Kelvin–Voigt element in serie.
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boundary conditions on oV are supposed to be well known.
The objective is to determine the local ﬁelds (r(r) and _eðrÞ) satisfying the ﬁelds equations. A similar approach to the one
employed for the anelastic heterogeneous problem is followed and the solution of the previous problem is used to provide a
translated ﬁeld. The complete problem is given by the following equations:
 The constitutive law for the association of a dashpot with a Kelvin–Voigt element
_eðr; tÞ ¼ mðr; ein;rÞ : rðr; tÞ þ _eanðr; tÞ: ð39Þ The evolution law of the anelastic strain
_eanðr; tÞ ¼ s0ðrÞ : _re: ð40Þ The static equilibrium condition
divr ¼ 0: ð41Þ The kinematical compatibility relation
_e ¼ rs _u; ð42Þ
e ¼ rsu: ð43Þ The boundary conditions
_u ¼ _E:x; ð44Þ
u ¼ E:x: ð45ÞIn this case, the unknown ﬁelds of the problem are r and _e. _ean is treated as an internal variable.
Following the approach of Sabar et al. (2002), let us introduce a homogeneous reference inelastic medium deﬁned by its
secant modulus B (with M = B1) in (39). It givesM : r ¼ _e dm : b : _ein  _ean: ð46Þ
Next, in the same way as in Section 2.1, the projection operator PB associated with the homogeneous reference inelastic
medium is applied to Eq. (46) making use of the noticeable property of projection operators when they are applied to a bal-
anced stress ﬁeld such as r:_e ¼ _EþPB  ðdm : b : _ein þ _eanÞ: ð47Þ
Eq. (47) contains the entire heterogeneous anelastic–inelastic problem. In fact, the interactions due to anelastic and inelastic
heterogeneities are fully described. Considering independent anelastic and inelastic properties, the inelastic reference med-
ium is naturally chosen as the effective inelastic medium associated with the asymptotic problem obtained when time (or
strain) tends to inﬁnity (i.e. when the response of the heterogeneous material is purely inelastic). Therefore, Eq. (47) is
rewritten as follows:_e ¼ _EþPBeff  ðdmeff : b : _ein þ _eanÞ: ð48Þ
Although the self-consistent approximation was used to determine the inelastic properties, a difﬁculty is still present: the
spatial convolution has to be simpliﬁed in order to estimate the local strain rate. As with the anelastic heterogeneous prob-
lem, a translated ﬁeld is introduced. This is the purpose of the following section.
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To simplify the spatial convolution, a translated ﬁeld is introduced to make ‘‘ﬂuctuations” for the anelastic strain rate ap-
pear. Thus, we write_ean ¼ _ean þ d _ean ð49Þ
where _ean is a compatible but not necessarily uniform strain rate ﬁeld. The introduction of such a reference anelastic strain
rate in Eq. (48) is eased by the use of the speciﬁc property of the projection operatorPBeff. To provide a compatible strain rate
ﬁeld, the solution of the heterogeneous anelastic problem (35) is used.
3.3. Solution of the anelastic–inelastic heterogeneous problem
The local translated ﬁeld, _ean, derives from the solution determined in the previous section (see Eq. (35)) where the RVE is
submitted to boundary conditions deﬁned by the unknown strain rate ﬁeld _Y that is linked to _ean through the following
relation:_ean ¼ AB0eff : _Y  AB0eff : CB0effl : ðc0 : ean  BC
0eff : C 0eff : YÞ ð50ÞwithPBeff  _ean ¼ _ean  _Y: ð51Þ
Introducing _ean in (48) gives_e ¼ _Eþ _ean  _Y þPBeff  ðdmeff : b : _ein þ d _eanÞ: ð52Þ
Applying the self-consistency condition, the average of ðdmeff : b : _ein þ d _eanÞ vanishes:dmeff : b : _ein þ d _ean ¼ 0: ð53Þ
From the above equation, _Y is identiﬁed as the effective anelastic strain rate_Y ¼ dmeff : b : _ein þ _ean ¼ _EMeff : R ¼ _Eaneff : ð54Þ
Neglecting the non-local term and replacing _Y with _Eaneff in (52) gives_e ¼ _E _Eaneff þ _ean þPBeffl : ðdmeff : b : _ean þ d _eanÞ: ð55Þ
ABeff ¼ ðI þ CBeffl : dbeff Þ1 is introduced to obtain the ﬁnal strain rate concentration relation_e ¼ ABeff : ð _E _Eaneff Þ þ ABeff : _ean þ ABeff : CBeffl : ðb : _ean  Beff : _eanÞ: ð56Þ
The interaction law for stresses is deduced from (56) and (39):r ¼ BBeff : Rþ b : ABeff : ðSE  IÞ : ð _ean  _eanÞ ð57Þ
with SE ¼ CBeffl : Beff the well-known Eshelby tensor (Eshelby, 1957). Because of the inhomogeneity of inelastic properties, it
should be noticed that the effective anelastic strain rate is not equal to the average of _ean but is such as_Ean
eff ¼ ðb : ABeff : AB0effÞ1 : ðb : ABeff : _eanÞ: ð58ÞTwo different asymptotic states can be studied in the interaction law:
 The short-time behavior that is purely anelastic: r =R = 0
_e ¼ ABeff : _E ABeff : CBeffl : ðc0 : e BC
0eff : C 0eff : EÞ: ð59Þ
 The long-time behavior that is purely inelastic: _ean ¼ _Eaneff ¼ 0r ¼ BBeff : R: ð60Þ4. A model for heterogeneous materials with a Burger local constitutive law
The next section aims to propose a solution to the heterogeneous problem where the local behavior is described with a
rheological Burger element. The approach is similar to the one that was used above. The translated ﬁeld, required to neglect
the non-local term, is provided by the solution of the anelastic–inelastic heterogeneous problem.
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Let V be a heterogeneous medium whose boundary conditions are clearly deﬁned. The local behavior is modeled with a
Burger element whose properties are given in Fig. 3. The elastic part of the deformation depends on the elastic moduli tensor
c(r) that is associated with the compliance tensor s(r) deﬁned such as s(r) = c(r)1.
The heterogeneous problem is treated in the framework of a quasi-static equilibrium so no volume forces are applied. The
problem is given by the following ﬁeld equations:
 The constitutive law for a Burger element:
_eðr; tÞ ¼ sðrÞ : _rðr; tÞ þ _evðr; tÞ; ð61Þ The evolution law of the viscous strain rate:
_evðr; tÞ ¼ _eanðr; tÞ þ _einðr; tÞ; ð62Þ The static equilibrium condition:
div _r ¼ 0; ð63Þ The kinematical compatibility relation:
_e ¼ rs _u; ð64Þ
e ¼ rsu; ð65Þ The boundary conditions:
_u ¼ _E:x; ð66Þ
u ¼ E:x: ð67ÞIn this case, the unknown variables are the stress rate and strain rate ﬁelds ( _r and _e) that have to satisfy the ﬁeld equa-
tions. The ‘‘memory” effect of the material is taken into account thanks to the viscous strain rate ﬁeld _ev that is considered as
an internal variable.
An elastic reference homogeneous medium is introduced so the local elastic compliances tensor is expressed as the sum
of an uniform elastic compliances tensor S and a ﬂuctuating part ds(r):sðrÞ ¼ Sþ dsðrÞ: ð68Þ
This decomposition enables to write the constitutive law as follows:S : _r ¼ _e ds : c : _ee  _ev: ð69Þ
Applying the projection operator PC associated with the elastic reference homogeneous medium and using its speciﬁc prop-
erties lead to the integral equation that is similar to the one proposed by Kröner (Kröner, 1977)_e ¼ _EþPC  ðds : c : _ee þ _evÞ: ð70Þ
The entire heterogeneous problem is contained in the integral equation (70). Indeed, the local strain rate _e depends on the
macroscopic strain rate _E and on the heterogeneity of the elastic and viscous ﬁelds. Considering that the elastic and viscous
properties are independent, the elastic modulus is determined using the self-consistent approximation. Thus, taking C = Ceff,
the integral equation (70) becomes_e ¼ _EþPCeff  ðdseff : c : _ee þ _evÞ: ð71ÞFig. 3. Representation of a Burger element.
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neous problem. As discussed above, the integral equation is estimated by translating the viscous strain rate ﬁeld regarding
a reference compatible viscous strain rate ﬁeld and applying the self-consistency condition.
4.2. Introduction of the translated ﬁeld
A similar approach to the one used by Sabar et al. (2002) is followed to introduce a translated ﬁeld that takes advantage
from the speciﬁc properties of the projection operatorPCeff associated with the elastic reference medium. The introduction of
a translated ﬁeld _ev enables the viscous strain rate ﬁeld _ev to display a ﬂuctuating part_ev ¼ _ev þ d _ev: ð72Þ
To use the noticeable property of PCeff, _ev must be a compatible strain rate ﬁeld. Therefore, the solution of the
anelastic–inelastic problem (see Eq. (56)) is chosen to provide a strain rate ﬁeld that veriﬁes the kinematical compatibility
relation.
4.3. Solution of the elastic–anelastic–inelastic heterogeneous problem
The solution of the anelastic–inelastic heterogeneous problem (see Eq. (56)) is used to provide the compatible strain rate
ﬁeld required for the translation of _ev so _ev is deﬁned as follows:_ev ¼ ABeff : ð _Z  _Eaneff Þ þ ABeff : _ean þ ABeff : CBeffl : ðb : _ean  Beff : _eanÞ; ð73Þ
where the boundary conditions are deﬁned by the strain rate ﬁeld _Z that veriﬁesPCeff  _ev ¼ _ev  _Z: ð74Þ
The use of the property deﬁned by Eq. (74) leads to the following equation:_e ¼ _Eþ _ev  _Z þPCeff  ðdseff : c : _ee þ d _evÞ: ð75Þ
Applying the self-consistency condition impose to deﬁne _Z such as the average of ðdseff : c : _ee þ d _evÞ vanishes:dseff : c : _ee þ d _ev ¼ 0: ð76Þ
_Z is identiﬁed from the above equation as the effective viscous strain rate_Z ¼ _E Seff : _R ¼ _Eveff : ð77Þ
Substituting _Z with _Eveff in Eq. (75) and neglecting the non-local term enables to obtain the following integral equation:_e ¼ _Eþ _ev  _Eveff þPCeffl : ðdseff : c : _ee þ d _evÞ: ð78Þ
The strain concentration tensor ACeff associated with the elastic reference medium deﬁned by ACeff ¼ ðI þ CCeffl : dceff Þ1 is
introduced in Eq. (78) to write the strain rate concentration relation_e ¼ ACeff : ð _E _Eveff Þ þ ACeff : _ev þ ACeff : CCeffl : ðc : _ev  Ceff : _evÞ: ð79Þ
The interaction law is deduced by introducing the strain rate concentration equation in the constitutive law_r ¼ BCeff : _Rþ c : ACeff : ðSE  IÞ : ð _ev  _evÞ: ð80Þ
To respect the condition _E ¼ _e, _Eveff must be calculated from the local viscous strain rate with the following averaging
relation:_Ev
eff ¼ ðc : ACeff : ABeffÞ1 : ðc : ACeff : _evÞ: ð81ÞAsymptotic states can be highlighted in the interaction law:
 The short-time behavior that is purely elastic: _ev ¼ _Eveff ¼ 0
_r ¼ BCeff : _R; ð82Þ The long-time behavior that is purely inelastic: _r ¼ _R ¼ 0
_ein ¼ ABeff : _Eineff : ð83ÞIf the elastic behavior of the material is supposed to be homogeneous (c = Ceff), the strain rate concentration Eq. (79) becomes_e ¼ _E _Eveff þ _ev þ SE : ð _ev  _evÞ ð84Þ
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Sabar et al. (2002) revisited Weng’s model (Weng, 1981) developed for an elastic–inelastic Maxwell element using the
translated ﬁelds techniques. The inelastic strain rate ﬁeld, _ein, was translated regarding an uniform inelastic strain rate
_Ein. In the case of a Burger element, we establish a similar approximation to analyze the inﬂuence of the compatible strain
rate ﬁeld chosen for the translation of _ev. Let us translate the viscous strain rate ﬁeld _ev regarding an uniform viscous strain
rate _Ev and apply the same approach_ev ¼ _Ev þ d _ev: ð86Þ
Using this translation leads to the following strain rate concentration relation:_e ¼ ACeff : _Eþ ACeff : CCeffl : ðc : _ev  Ceff : _Ev
eff Þ; ð87Þwhere _Eveff is deﬁned such as_Ev
eff ¼ tBCeff : _ev: ð88ÞEq. (87) turns out that this approximation provides a pure elastic representation of interactions. Therefore, this model, la-
beled as TRUF (translation regarding an uniform ﬁeld), strongly overestimates internal stresses because the viscous strains
are treated as stress free strains. Like in Kröner’s model (Kröner, 1961), the interactions are roughly described and the results
are close to those obtained with the Taylor (1938) and Lin (1957) models.
4.5. Isotropic behavior of incompressible spherical inclusions
In the case of a RVE constituted with spherical inclusions whose behavior is assumed to be isotropic, their viscous and
elastic properties are deﬁned by Lamé moduli. For each inclusion (I), we writecIijkl ¼ 2lI Iijkl þ kIdijdkl; ð89Þ
c0Iijkl ¼ 2l0IIijkl þ k0Idijdkl; ð90Þ
b0Iijkl ¼ 2g0I Iijkl þ a0Idijdkl; ð91Þ
bIijkl ¼ 2gI Iijkl þ aIdijdkl: ð92ÞThe reference medium moduli are deﬁned byCeffijkl ¼ 2leff Iijkl þ keffdijdkl; ð93Þ
C0effijkl ¼ 2l0eff Iijkl þ k0effdijdkl; ð94Þ
B0effijkl ¼ 2g0eff Iijkl þ a0effdijdkl; ð95Þ
Beffijkl ¼ 2geff Iijkl þ aeffdijdkl: ð96ÞPoisson ratios are introduced with the following relations:kI ¼ 2l
ImI
1 2mI ; k
eff ¼ 2l
effmeff
1 2meff ; a
I ¼ 2g
ImvI
1 2mvI ; a
eff ¼ 2g
effmveff
1 2mveff ; ð97Þ
k0I ¼ 2l
0Im0I
1 2m0I ; k
0eff ¼ 2l
0effm0eff
1 2m0eff ; a
0I ¼ 2g
0Im0vI
1 2m0vI ; a
0eff ¼ 2g
0effm0veff
1 2m0veff : ð98ÞFor an isotropic medium, the modiﬁed Green tensors have the following expressions (Kröner, 1989):CCeffijkl ¼
4 5meff
15leff ð1 meffÞ Iijkl 
1
30leffð1 meffÞ dijdkl; ð99Þ
CC
0eff
ijkl ¼
4 5m0eff
15l0effð1 m0eff Þ Iijkl 
1
30l0eff ð1 m0effÞ dijdkl; ð100Þ
CB
0eff
ijkl ¼
4 5m0veff
15g0effð1 m0veff Þ Iijkl 
1
30g0eff ð1 m0veff Þ dijdkl; ð101Þ
CBeffijkl ¼
4 5mveff
15geffð1 mveffÞ Iijkl 
1
30geffð1 mveffÞ dijdkl: ð102Þ
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stitutive equation and the strain and stress concentration tensors to their deviatoric contribution (sufﬁx D). The constitutive
law becomes_eID ¼
1
2lI
_rID þ _evID ð103Þand the strain and stress concentration tensors reduce toACeffI ¼ 5l
eff
3leff þ 2lI ; A
BeffI ¼ 5g
eff
3geff þ 2gI ; ð104Þ
BCeffI ¼ 5l
I
3leff þ 2lI ; B
BeffI ¼ 5g
I
3geff þ 2gI ; ð105Þ
AC
0effI ¼ 5l
0eff
3l0eff þ 2l0I ; A
B0effI ¼ 5g
0eff
3g0eff þ 2g0I ; ð106Þ
BC
0effI ¼ 5l
0I
3l0eff þ 2l0I ; B
B0effI ¼ 5g
0I
3g0eff þ 2g0I : ð107ÞThus, for a representative volume element constituted of randomly distributed isotropic inclusions, the strain concentration
Eq. (79) becomes_eID ¼ ACeffIð _ED  _Ev
e
D Þ þ ACeffI _evID þ
1
5leff
ACeffIð2lI _evID  2leff _evID Þ: ð108Þ4.6. Application to a two-phase material
In the case of a two-phase material (volume fractions f1 and f2), the strain rate concentration equation (108) is used to
determine the local ﬁelds in each phase. Results obtained with the present model (TRNUF) are compared with those obtained
using the Laplace–Carson transform following the approach of Laws and McLaughlin (1978) (labeled as LC model) and those
obtained with the TRUF model described in paragraph 4.4.
To obtain simple results, the viscous moduli tensors (b0 and b) are assumed to be constant.
First, the problem is solved in the Laplace–Carson space that enables to linearize the localization and constitutive equa-
tions. The strain rate concentration tensors of the phase 1 calculated with each model are compared for different volume
fractions.
If f is a function in the real space, f^ is its associated function in the Laplace–Carson’s space deﬁned byf^ ðpÞ ¼ p
Z 1
0
f ðtÞept dt: ð109ÞThus, in the Laplace–Carson space, the local strain rate of the phase (I) is writtenb_eIDðpÞ ¼ bAIðpÞb_EDðpÞ: ð110Þ
Applying the Laplace–Carson transform to the constitutive law (103) givese^ID ¼
1
2lI
r^ID þ e^vID : ð111ÞThe Laplace–Carson transform of the evolution laws of the anelastic and inelastic strain rate leads to the following expres-
sion of e^vID :e^vID ¼ e^anID þ e^vID ¼
r^ID
2l0I þ 2g0Ipþ
r^ID
2gIp
: ð112ÞThus, an unique modulus l^IðpÞ can be deﬁned for each inclusionr^IDðpÞ ¼ 2^lIðpÞb_eIDðpÞ and l^IðpÞ ¼ 1lI þ 1l0I þ g0Ipþ 1gIp
 1
: ð113Þ4.6.1. LC model
Noticing the linearity of the local modulus in the Laplace–Carson space for a viscoelastic (Maxwell) behavior, Laws and
McLaughlin (1978) suggested applying the classical self-consistent scheme. In our case, because of the linearity of (113), a
similar approach is used. The global response of the two phase material is assumed to be described by a linear relation
between the macroscopic stress and strain (as the local behavior) in the Laplace–Carson space
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with bLeff , the effective modulus of the equivalent homogeneous medium in the Laplace–Carson space. The strain concentra-
tion tensor in the Laplace–Carson space (bAILCðpÞ such as e^ID ¼ bAILCbED) is expressed as follows:bAILCðpÞ ¼ 5bLeff ðpÞ
3bLeffðpÞ þ 2^l1ðpÞ : ð115ÞbLeff is determined using the following property:bLeffðpÞ ¼ bAILCðpÞ^lIðpÞ: ð116Þ
Thus, bLeff is found to be such asbLeff ¼ 2 5f 1
6
l^1  2 5f 2
6
l^2 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 5f 1
6
l^1 þ 2 5f 2
6
l^2
 2
þ 2
3
l^1 l^2
s
: ð117Þ4.6.2. TRNUF model
In the Laplace–Carson space, the strain concentration equation (108) obtained using a translation of _ev regarding a non-
uniform strain rate ﬁeld becomese^ID ¼ ACeffIðbED  bEveffD Þ þ ACeffI e^vID þ 15leff ACeffIð2lIe^vID  2leff e^vID Þ: ð118Þ
The strain concentration tensor AINU calculated with the TRNUF model is such asb_eIDðpÞ ¼ bAINUðpÞb_EDðpÞ: ð119Þ
Though the analytical expression of bAINU can easily be found for each phase using Eqs. (118) and (119), it is not written in the
paper because it is too long.
4.6.3. TRUF model
Translating the local viscous strain rate _ev regarding an uniform strain rate leads to the strain rate concentration equation
(87) that can be written in the Laplace–Carson spacee^ID ¼ ACeffIbED þ 15leff ACeffIð2lIe^vD  2leffbEveffD Þ: ð120Þ
The strain concentration tensor AIU of each phase can be deduced from the previous equation and is deﬁned as follows:b_eIDðpÞ ¼ bAIUðpÞb_EDðpÞ: ð121Þ
4.6.4. Numerical results
4.6.4.1. Comparison in the Laplace–Carson space. In this section, we will compare the results to assess the validity of the
TRNUF model. The LC model is considered as a reference because using the classical self-consistent approximation basedFig. 4. Strain concentration tensor for the phase 1 as a function of p for f1 = 0.25.
Fig. 5. Strain concentration tensor for the phase 1 as a function of p for f1 = 0.50.
Fig. 6. Strain concentration tensor for the phase 1 as a function of p for f1 = 0.75.
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concerns the value of the strain concentration tensor of the phase 1 plotted as a function of p for different volume fractions
f1 = 0.25 (see Fig. 4), f1 = 0.5 (see Fig. 5) and f1 = 0.75 (see Fig. 6). The parameters that were used to calculate the value of bA1ðpÞ
with the different models are displayed in Table 1.
The evolution of bA1ðpÞ shows that results obtained by the TRNUF model are very close to those obtained with the LC mod-
el. Their asymptotic values are exactly the same and the main differences between the two models are displayed during the
transient regime. Indeed, when p? 0 (t? +1), the two models provide the purely inelastic behavior (bA1LC ¼ bA1NU ¼ AB1).
The case where p? +1 (t? 0) corresponds to the pure elastic behavior and every model is found to tend to the same value
AC1. In contrast to the response of the TRNUF model, the TRUF model, using an uniform ﬁeld, provides a bad estimation of the
strain concentration tensor for p? 0 and is equivalent to the Taylor model since bA1U ¼ 1 and so _e1 ¼ _E.
4.6.4.2. Tensile test. For the two-phase material that was previously deﬁned, a tensile test ( _ED ¼ 104 s1) can be simulated.
The overall behavior of the composite is plotted in Fig. 7 for a volume fraction f1 equal to 0.5. For the TRNUF and TRUF mod-
els, the global behavior is naturally deduced from the strain concentration equations (79) and (87) that are directly written in
the real time space. The results from the LC model are obtained in the Laplace–Carson space and have to be inverse trans-Table 1
Parameters used to deﬁne the two-phase material
l (Pa) l
0
(Pa) g
0
(Pa s1) g (Pa s1)
Phase 1 50 700 500 1000
Phase 2 250 400 800 2000
Fig. 7. Deviatoric stress–strain curves obtained for a volume fraction f1 equal to 0.5 with the different models.
Fig. 8. Evolution of the deviatoric strain as a function of time during a creeping–recovering test calculated for a volume fraction f1 equal to 0.5 with the
different models.
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method proposed by Donolato (2002).
The tensile stress–strain curves simulated with the LC and TRNUF models are very close and the asymptotic values ob-
tained with those models are the same. Indeed, for low strains (respectively large strains), the two models ﬁnd the asymp-
totic pure elastic (respectively pure inelastic) behavior. As it was shown for the comparison in the Laplace–Carson space, the
TRUF model is not able to describe the asymptotic viscoplastic behavior for large strains. These results are very similar to
those obtained by Sabar et al. (2002) for a two-phase material with a local Maxwell behavior.
4.6.4.3. Creep-recovering test. The model is now used to predict the global behavior of a two-phase composite during a creep-
ing-recovering test. A constant stress (R = 5 Pa) is applied on the composite for 10 s and is then released. The evolution of the
deviatoric strain as a function of time can be observed in Fig. 8.
The results provided by the LC and TRNUF models are relatively close. Indeed, although some differences can be observed
during the transient regime since the recovering of the anelastic part of the deformation is predicted quite differently, the
residual inelastic deformation calculated with those two models is the same. At the opposite, the TRUF model underesti-
mates the residual deformation because it is not able to tend to the pure inelastic behavior obtained at long time.
5. Concluding remarks
In conclusion, the translated ﬁelds method was used to build a scale transition model for materials with a local Kelvin–
Voigt constitutive law. Then, some extensions were brought to the ﬁrst model to make a scale transition model for materials
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(elasticity), recoverable and dissipative strain (anelasticity) and unrecoverable and dissipative strain (inelasticity). Although
the spatial interactions are complex and different time derivation orders are involved in the constitutive law, the present
models do not require a large CPU time since they are formulated in the real-time space. In fact, the choice of suitable inter-
nal variables enables to take the long-memory effect into account.
The study shows that, by using the properties of the projection operators and by introducing well chosen translated ﬁelds
that are deduced from already solved heterogeneous problems, translated ﬁelds approaches demonstrate their ability to
solve complex heterogeneous problems with strong space–time couplings. A good description of the mechanical interactions
is obtained by the present models compared with a reference model for linear behavior. Thanks to its incremental approach,
the modeling can be easily used for non linear behavior. This approach could be used for heterogeneous materials that dis-
play various types of behaviors like polymers since their strain can be elastic, anelastic (also labeled as viscoelastic) and
inelastic (viscoplastic) according to the loading path, the deformation range and the material temperature.
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